We discuss how gravitational waves could amplify seed magnetic fields to strengths capable of supporting the galactic dynamo. We consider the interaction of a weak magnetic field with gravity wave distortions in almost FRW cosmologies and find that the magnitude of the original field is amplified proportionally to the wave induced shear anisotropy and, crucially, proportionally to the square of the field's initial scale. The latter makes our mechanism particularly efficient when operating on superhorizon sized magnetic fields, like those produced during inflation. In that case, the achieved amplification can easily boost magnetic strengths, which may still lie relatively close to the galactic dynamo lower limits, well within the currently accepted range. PACS number(s): 98.80. Hw, 98.80.Cq 
Introduction
Large scale magnetic fields, with strengths between 10 −7 and 10 −5 G, have been repeatedly observed in spiral and disc galaxies, in galaxy clusters as well as in high redshift condensations [1] . Despite their established widespread presence, however, the origin of cosmic magnetic fields remains a mystery and is still a matter of debate [2] . Over the years, a number of possible solutions has been proposed, ranging from eddies and density fluctuations in the early plasma to cosmological phase-transitions, inflationary and superstring inspired scenarios (see [3, 4] for a representative list). Historically, studies of magnetogenesis were motivated by the need to explain the origin of the large-scale galactic fields. Typical spiral galaxies have magnetic fields of the order of a few µG coherent over the plane of their disc. The structure of these fields, particularly those in spiral galaxies, strongly suggests that they have been generated and sustained by a dynamo mechanism [5] . The latter can substantially amplify preexisting weak magnetic fields by combining the turbulent motion of the ionised gas with the differential rotation of the galaxy. The origin of the required seed fields, however, is still elusive. They could be the result of local astrophysical processes, such as buttery and vorticity effects, or the remnants of a large scale primordial magnetic field. Provided that the nonlinear dynamo amplification is efficient, the seeds can be as low as ∼ 10 −23 G at present [6] . For a spatially flat universe dominated by "dark-energy", namely by a cosmological constant or quintessence, the aforementioned lower limit is further relaxed down to ∼ 10 −30 G [7] . In the absence of a dynamo mechanism, however, magnetic seeds of the order of 10 −12 G, or even 10 −8 G, are required. The coherence scale of the seed field is an additional issue. Typically, galactic dynamos require a minimum coherence length comparable to the dimensions of the largest turbulent eddy, which is of the order of 100 pc, to guarantee the stability of the amplification process [8] .
The attractiveness of primordial magnetic fields lies in the fact that they can readily explain both the fields seen in nearby galaxies as well as those detected in galaxy clusters and highly redshifted condensations. There have been numerous attempts to generate early, pre-recombination, magnetic fields by exploiting the different out-of-equilibrium epochs that are believed to have taken place between the end of the inflationary era and decoupling. In all these scenarios, however, the causal nature of the generating mechanisms means that the coherence scale of the induced seed fields is unacceptably small. A process known as "inverse cascading" can provide a solution to the incoherence problem by transferring magnetic energy to increasingly larger scales [9] . This mechanism, however, requires a considerable amount of net helicity in the cosmic fluid and therefore scenarios based on inverse cascade are still treated as rather speculative. Inflation has long been suggested as a solution to the causality problem, since it naturally achieves correlations on superhorizon scales. Nevertheless, the conformal invariance of electromagnetism implies that any magnetic field present during the inflationary regime will be strongly diluted by the rapid expansion of the universe. One can get around this obstacle by breaking the conformal invariance of the gauge fields involved [10, 11] . There are more than one ways of doing that, which explains the variety of the proposed mechanisms in the literature. For example, there have been attempts to create magnetic fields by coupling the photon to a scalar field either during inflation or in the subsequent era of preheating [12] . These proposals have since been criticised in [13] . Other authors have advocated the breakdown of Lorentz invariance either in the context of string theory and non-commutative varying speed of light theories, or due to the dynamics of large extra dimensions [14] . The success of these proposals, however, is usually achieved at the expense of simplicity.
An inflation based mechanism that produces large scale magnetic fields with strengths that could support the dynamo amplification was recently proposed in [4] . One of the attractive aspects of the approach, which exploits the natural coupling between the Z-boson and the gravitational background during inflation, is that it operates within the standard model. The magnitude of the generated magnetic field, however, corresponds to ∼ 10 −30 G on a collapsed scale of approximately 100 pc today, which is the minimum magnetic strength required for the nonlinear galactic dynamo to operate (in a dark-energy dominated universe). Even when taking into account additional amplification (of up to 5 orders of magnitude) during reheating, the achieved magnetic strength remains rather uncomfortably close to the dynamo margin. Nevertheless, the mechanism proposed in [4] is very promising, as it clearly shows that magnetic fields which survive inflation are not necessarily as weak as previously anticipated.
A common feature in all inflationary models is the production of gravitational radiation with wavelengths extending from about 1 km to ∼ 3000 Mpc today. In fact, a relic gravity wave spectrum is perhaps the only direct signature of inflation that may still be observable today. The coupling of these inflation produced gravity waves with large scale magnetic fields, which may also be present soon after inflation, could considerably affect the latter. In the present article we try to address this issue within the framework of standard general relativity. We consider the interaction between the aforementioned two sources in a spatially flat FRW cosmology during the radiation and the dust eras. Our results show that, in the presence of gravitational radiation, the magnitude of the magnetic field is amplified proportionally to the shear distortion caused by the propagating waves. Crucially, however, the gravitational boost is also proportional to the square of the field's original scale. This immediately suggests that the mechanism presented here could lead to significant amplification when dealing with large scale magnetic fields. Indeed, when applied to fields of roughly 10 −34 G spanning a comoving scale of about 10 kpc today, like those produced in [4] , our mechanism leads to an amplification of up to 14 orders of magnitude. The size of the boost can easily bring these magnetic fields well within the galactic dynamo requirements, without the need for extra amplification during reheating. In fact, the enhancement is so effective that it can bring the field within the dynamo limits even within conventional cosmological models which are not dark-energy dominated. The latter task is more easily achieved when the extra strengthening of the field, due to the adiabatic collapse of the protogalaxy, is also taken into account.
The model
Consider a spatially flat FRW universe filled with a barotropic perfect fluid and allow for the presence of a weak (test) magnetic field B a . For a fundamental observer, moving with 4-velocity u a (u a u a = −1), the stress-energy tensor of the magnetic field reads [15, 16] 
where h ab = g ab + u a u b projects orthogonal to u a and g ab is the spacetime metric. Note that in the absence of vorticity h ab is the metric of the hypersurfaces orthogonal to u a . Also, D a = h a b ∇ b defines the covariant derivative operator orthogonal to u a . The scalar B 2 = B a B a measures the energy density and the isotropic pressure of the field, while Π ab = −B a B b describes the anisotropic magnetic pressure. 1 The weakness of the field implies that its energy density, its anisotropic stresses and its spatial gradients have negligible contribution to the background dynamics. In other words, B 2 ≪ ρ and Π ab ≃ 0 ≃ D b B a to zero order. In this limit, the key background equations are
where ρ is the fluid energy density, Θ = 3ȧ/a = 3H is the expansion scalar (with a and H representing the scale factor and the Hubble parameter respectively) and w = p/ρ (where p is isotropic pressure of the fluid). Equations (2), (3) and (4) are respectively the Friedman equation, the equation of continuity and the magnetic induction equation. For a fully covariant description of electromagnetic fields in an expanding universe the reader is referred to [16] . Finally, we should point out that throughout the paper we employ natural units with c = 1 =h and κ = 8πG = m −2 P l . We perturb the aforementioned FRW background by allowing for weak gravitational waves. The latter are covariantly monitored via the electric (E ab ) and the magnetic (H ab ) Weyl components, which are the symmetric and trace-free tensors that describe the long-range gravitational field [17] . In the magnetic presence, one isolates the linear tensor perturbations, namely switches all the scalar and the vector modes off, by imposing the following conditions [18] 
in addition to the standard constraints
associated with the pure perfect fluid cosmologies [17] . Together, constraints (5) and (6) guarantee that all traceless tensors are transverse to first order and therefore isolate the pure tensor (i.e. the transverse traceless) modes [18] . Note that condition (5) means that we are dealing with a force-free magnetic field. This in turn implies that any spatial currents that might have been present are also switched off.
The interaction
Having set the mathematical framework, we now proceed to look into the linear interaction between magnetic fields and propagating gravitational radiation. To first order, the magnetic field evolution in the presence of gravity wave perturbations is governed by the system 2
Here,B a is the original background magnetic field, and B a is the perturbed field that results from the coupling ofB with gravity wave distortions. Thus, to first order, only the background magnetic field contributes to the right-hand side of (7). Note that we have ignored the magnetic contribution to the right-hand side of Eq. (8), given that the linear evolution of the shear is effectively immune to magnetic effects. Indeed, the magnetic presence induces decaying shear modes, which lie in between the standard ones [18] . Finally, in deriving Eq. (8) we have employed the linear propagation equation of the sheaṙ
which allowed us to express the electric Weyl tensor in terms of σ ab and Π ab . Also, on using the linear relation H ab = curlσ ab , we have replaced the magnetic Weyl tensor with the shear. According to Eq. (4), the background magnetic field evolves asB a =B 0 a (a 0 /a) 2 , whereḂ 0 a = 0 and the zero suffix corresponds to a given initial time. Assuming thatB 0
a , enables us to define a physical coherence scale λB = 2πa/n forB a [19] . Then, introducing the tensor harmonics Q (k) ab , withQ
ab for the shear. Note that both A (n) a and Q (k) ab are dimensionless and unitary. On these grounds, Eqs. (7) and (8) decompose into the following system of ordinary differential equations:
with
a . In deriving Eq. (10) we have used the vector harmonics B
a , defined by
which are also dimensionless with an order of unit magnitude. In the above, ℓ and n are the comoving wavenumbers of the perturbed and the background magnetic fields, respectively, while k is the comoving wavenumber of the gravitational wave.
It is rather straightforward to show that B (ℓ) a satisfies the standard vector-harmonic requirements. Indeed, starting from definition (12) we find thatḂ 
a , where ℓ 2 = (k a + n a )(k a + n a ). Clearly, the wavenumber ℓ provides a measure of the scale of the "induced" magnetic field, which depends on the scale of the background field and on the wavelength of the inducing gravitational radiation. For n a k a = 0, we arrive at the simple expression
for the scale of the perturbed magnetic field. Note that λB = 2πa/n, λ GW = 2πa/k and λ B = 2πa/ℓ are the physical wavelengths of the background magnetic field, the gravitational waves and the perturbed magnetic field respectively. According to the above, λ B ≤ λB. In particular, λ B ∼ λB as long as λ GW ≥ λB, and λ B < λB for λ GW < λB. Here, we will concentrate on large scale magnetic fields and consider their interaction with gravitational radiation of similar or larger wavelength. Our final step is to introduce the expansion normalized dimensionless variables B (ℓ) = κ 1/2 B (ℓ) /Θ and Σ (k) = σ (k) /Θ, and rewrite Eqs. (10), (11) with respect to conformal time η (defined byη = a −1 ) as follows
where the prime indicates differentiation with respect to η.
The effect
Let us consider the effects described by Eqs. (14) and (15) during different epochs in the lifetime of the universe. For p = 0, which is the equation of state during dust domination and also the effective equation of state at reheating, w = 0 and a ′ /a = 2/η. Then, Eqs. (14) and (15) reduce to
where α 1 = κ 1/2B (n) 0 /a 0 H 2 0 depends entirely on the initial conditions. In the kη ≪ 1 limit, namely for long wavelength gravity waves, the solution of Eq. (17) has a dominant mode given by
with η 2 0 = 4/a 2 0 H 2 0 (see also [17] ). Substituting this result into Eq. (16) we arrive at
where
The first term in the right-hand side of the above solves the homogeneous equation and the second conveys the gravity wave effects. On large scales nη ≪ 1 and (19) reduces to
Note that for large scale gravity waves, with λ GW ∼ λB, we have λ B ∼ λB and therefore ℓ ∼ n (see Eq. (13)). In other words, the wavelength of the perturbed magnetic field effectively coincides with that of the background field. Given that
0 by definition, the above is recast into the following expression for the magnetic field evolution
Here (λB) 0 = a 0 /n and (λ H ) 0 = 1/H 0 are the scale of the background magnetic field and the horizon size at a given initial time, respectively. According to (21), the interaction of the background magnetic field with gravity wave distortions can lead to substantial increase of the field if 9(λB/λ H ) 2 0 Σ 0 ≫ 1. Similar effects are also observed during the radiation era. When relativistic species dominate the energy density of the universe w = 1/3 and a ′ /a = 1/η. Then Eqs. (14), (15) become
where α 2 = κ 1/2B (n) 0 /H 0 . For kη ≪ 1 the solution of (23) has a dominant mode given by Σ (k) = Σ (k) 0 η 2 /η 2 0 , which when substituted into Eq. (22) leads to the solution
Confining, as before, to large scale fields only (i.e. nη ≪ 1) we arrive at the following evolution law for the perturbed magnetic field
Results (21), (25) show that the presence of gravity waves does not alter the radiation like evolution of the magnetic field. Thus, dividing either (21) or (25) by the energy density of the background radiation field we obtain B ρ 1/2 γ
where all the wavenumber indices have now been suppressed. 3 Expression (26) provides the spectrum of the "comoving" primordial magnetic field, as it would have appeared today were there no galactic collapse and subsequent dynamo amplification. According to (21), (25) and (26), the interaction of the field with gravitational wave distortions can change its magnitude. Crucially, the modification depends not only on the strength of the propagating gravity waves and of the background magnetic field, but also on the scale of the original field. In fact, the effect on the magnitude of the magnetic field is proportional to the square of the ratio (λB/λ H ) 0 . Thus, superhorizon-sized magnetic fields, like the ones considered here, interacting with relatively strong gravity waves of comparable or even larger scale can undergo considerable amplification.
The application
Hyperhorizon-sized magnetic fields emerge naturally at the end of the inflationary era, as subhorizon quantum fluctuations in the electromagnetic field are stretched out by the rapid expansion of the universe. An attractive mechanism of large scale magnetogenesis, which operates within the standard model, was recently proposed in [4] . In their scenario, the authors exploit the natural coupling between the Z-boson field and the supercooled inflating gravitational background. At reheating, when the EW-symmetry is restored, the Z-boson leads to a (hyper)magnetic field with superhorizon correlations, which converts into a regular magnetic field after the E-W phase transition. The strength of the resulting field, however, is only marginally within the galactic dynamo requirements. In particular, the mechanism proposed in [4] produces a magnetic field of 10 −30 G, on a collapsed scale of 10 kp, when redshifted to the epoch of galaxy formation. Although the aforementioned value could increase by up to five orders of magnitude during reheating, 10 −30 G is the minimum seed required for the dynamo amplification to work, and this only if the universe is dominated by a dark energy component (i.e. by a cosmological constant or quintessence) [7] . Note that the value of 10 −30 G given in [4] also includes the strengthening of the field, by roughly four orders of magnitude, which is expected to occur during the protogalactic collapse. Next we will outline how gravity wave distortions can amplify primordial seed magnetic fields, like those produced in [4] , to strengths that lie comfortably within the galactic dynamo requirements. A collapsed magnetic field of roughly 10 −30 G with size ∼ 100 pc, corresponds to a field of ∼ 10 −34 G on a comoving scale of about 10 kpc [4] . The interaction of this field with gravitational wave perturbations soon after inflation will boost its magnitude in accordance with (26). The efficiency of the amplification depends on the coherence scale of the field and on the strength of the gravitational waves. Following [4] , we apply our analysis to a background magnetic field with comoving strengthB ∼ 10 −34 G coherent on a scale of ∼ 10 kpc today. The field's strength corresponds to an energy density ratioB/ρ 1/2 γ ∼ 10 −29 , which remains constant for as long as the field is frozen into the cosmic medium and the magnetic flux is conserved. Its scale means that λB/λ H ∼ 10 20 at the end of inflation, assuming that H ∼ 10 13 GeV [4] . At that time the universe is also permeated by large scale gravitational waves; the inevitable prediction of all inflationary scenarios. In fact, the gravitational wave spectrum generated during the inflationary Eqs. (16), (22) closely resembles the superadiabatic amplification of magnetic fields discussed in [11] . The most direct way of demonstrating this resemblance is by dropping the Laplacian terms in (16) and (22) . It is then straightforward to show that the dominant magnetic mode no longer evolves as a −2 . Instead, the field remains constant throughout the radiation dominated epoch, while it decreases proportionally to a −1 during the dust (and the reheating) era. In [11] , superadiabatic amplification was achieved by introducing an extra coupling between the electromagnetic field and the extrinsic curvature of a spatially flat FRW universe. This broke the conformal invariance of electromagnetism on one hand, but led to a potentially huge increase in the magnetic flux, as hyper-horizon sized fields decayed proportionally to a −1 instead of a −2 . Here we see that, asymptotically, an analogous effect can be achieved through the natural (i.e. the purely relativistic) coupling between the magnetic field and the Weyl curvature of a perturbed FRW model. As we shall see in Sec. 5, the resulting increase of the field, although not as strong as that achieved in [11] , can still lead to a considerable boost in the overall magnetic strength.
expansion is perhaps the only direct signature of inflation that might still be observable today. The energy density of these inflation produced gravity waves is given by
where k is the wave's proper wavenumber and H is the Hubble parameter during inflation (e.g. see [20] ). The above translates into the following relation for the wave induced shear anisotropy
where the zero suffix indicates the end of the inflationary era. Note that the ratio H/m P l determines the vacuum energy density of the inflaton field and, typically, the lower H/m P l drops the further away from the Planck scale inflation moves. Currently, the quadrupole anisotropy of the CMB constraints H/m P l to be less than ∼ 10 −5 , with typical inflationary models having H/m P l ∼ 10 −6 . Then, on using expression (28), Eq. (26) becomes
Taking λ GW ∼ λB initially, and substituting the values (λB/λ H ) 0 ∼ 10 20 and H/m P l ∼ 10 −6 into the above, we find that gravity wave perturbations amplify the original field by as much as 13 or 14 orders of magnitude. 4 This means that B/ρ 1/2 γ ∼ 10 −15 , which brings the inflationary produced seed of [4] up to ∼ 10 −21 G, that is comfortably within the range of the galactic dynamo requirements [7] . Note that the magnitude of ∼ 10 −21 G has been achieved without the need of any extra amplification at reheating or during galaxy formation. Moreover, the efficiency of the amplification also allows us to produce magnetic fields strong enough to sustain the dynamo even in universes with zero cosmological constant. In that case the required value for the ratio B/ρ 1/2 γ is raised from ∼ 10 −25 to ∼ 10 −18 and the field itself form ∼ 10 −30 to ∼ 10 −23 G [6] . Clearly, the gravitational boost discussed here can also satisfy the latter requirement, especially when the field's enhancement during the protogalactic collapse is also taken into account.
Discussion
Magnetic fields have been found everywhere in the universe. Stars, galaxies, clusters of galaxies and even high-redshift formations carry fields that are strong and extensive. The origin of cosmic magnetism. however, is still an unresolved problem. The nonlinear dynamo amplification can provide galactic magnetic fields with the desired strengths of a few µG, but requires the presence of a seed field to start. So, where did these seeds come from? Two are the main approaches to this question. One appeals to local astrophysical processes, while the other advocates a primordial origin for the seed. The attractive aspect of the latter approach is that it can account for all the observed large scale magnetic fields. Nevertheless, early universe magnetogenesis has its own problems to solve. These have to do with the correlation length and with the strength of the original seed field. Inflation can solve the scale problem but, generally, it leads to magnetic fields that are too weak to sustain the dynamo amplification. Breaking the conformal invariance of the gauge fields involved is the theoretical argument proposed as the way around the strength problem.
Recently, an attractive inflation based mechanism, which operates within the standard model, was suggested for the production of large scale primordial magnetic fields [4] . The strength of these fields, however, lies within the galactic dynamo requirements, albeit for dark energy dominated universes and only marginally. Even when additional amplification during the brief period of reheating is taken into account, the achieved magnitudes are still relatively close to the dynamo lower limits. Here, we have outlined the basic features of a mechanism which can amplify these inflationary produced magnetic fields to strengths that lie well within the galactic dynamo requirements, even in conventional cosmologies with zero dark energy component. Our approach is based on standard general relativity and considers the interaction of large scale primordial magnetic fields with gravitational wave distortions in the post inflationary era. Gravity waves are inevitable byproducts in all inflationary models, with a spectrum extending over a very wide range of wavelengths. By allowing these waves to interact with magnetic fields of comparable size, we found a considerable amplification in the magnitude of the fields. As expected, the gravitational wave boost was proportional to the induced shear anisotropy. Crucially, however, the amplification is also proportional to the square of the magnetic field's original coherence length. This immediately suggested that there could be strong gravitational amplification of magnetic fields spanning hyperhorizon scales, like those produced in [4] . When the actual numbers were inserted in the equations, we found that the gravity wave induced amplification could reach up to 13 or 14 orders of magnitude. The size of the boost easily brings the primordial fields produced in [4] up to strengths of 10 −21 − 10 −20 G, without the need of any additional amplification at reheating or during galaxy formation. These values are well within the dynamo limits associated with spatially flat dark-energy dominated universes. Moreover, when the effect of protogalactic collapse is also taken into account, the achieved magnetic strengths lie comfortably within the dynamo requirements associated, this time, with conventional (i.e. zero dark-energy) cosmologies.
